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Shock-Free Wave Propagation in Gauge Theories
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We present the shock-free wave propagation requirements for massless fields.
First, we briefly argue how the “completely exceptional” approach, originaly
developed to study the characteristics of hyperbolic systemsin 1 + 1 dimensions,
can be generalized to higher dimensions and used to describe propagation without
emerging shocks, with characteristic flow remaining parallel along the waves.
We then study the resulting requirements for scalar, vector, vector-scalar, and
gravity models and characterize physically acceptable actions in each case.

1. INTRODUCTION

In this work, a brief version of which appeared in ref. 1, we study the
propagation of excitations of classical massless field actions. In general,
criteriafor physical propagation of such waves can be derived in many ways.
Here, we will only consider the “completely exceptional” (CE) approach [2],
originaly developed for systemsin D = 1 + 1. Roughly speaking, complete
exceptionality is the property ensuring that the initial “wavefronts’ evolve
S0 as to prevent the emergence of shocks, which, in general, result when the
“characteristics’ propagate at different speeds. As we are not aware of a
rigorous procedure extending ideas developed at D = 2 to higher D, we will
follow steps similar to those in D = 2, and then outline how to generalize
them to higher dimensions. In the process, we show how the CE idea can
be looked at in seemingly different ways and outline a derivation that fills
the gap between the two viewpoints. We apply our criteria to massless spin-
0, 1, 2 nonlinear systems.
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We start in Section 2 by introducing the type of physical problems that
we will study and develop the formalism that will be used throughout. Section
3 gives the analysis of characteristic surfaces, which are crucia to the CE
idea. In Section 4, we give a simple example in D = 2, and demonstrate
how shocks may be prevented for this particular problem. Motivated by this
example, we next show how the introduced ideas can be extended to higher
dimensionsin Section 5. This naturally leads to the CE concept and we show
how one can view it in two seemingly different ways, which are explained
in the text. In Section 6, we study in detail the scalar field in D = 4 using
these two separate methods, derive the CE condition on it, and argue as to
how one can generalize the result to arbitrary D. Next, we turn to models of
nonlinear electrodynamicsin Section 7. Here we encounter particular models,
the constraints on which not only automatically guarantee the CE property
(as originaly discussed in ref. 3), but also ensure that both polarizations of
light propagate according to the same dispersion law, i.e., “no birefringence”
[4, 5]. Hence we call these constraints the “strong CE” conditions. We also
derive (for the first time, to our knowledge) the regular CE requirement
conditions (much weaker than strong CE) in the most general D = 4 case.
Finally, in Section 8, we find that wide classes of gravity models share with
the Einstein case the null nature of their characteristic surfaces. In three
appendices, we show the details of some calculations skipped in the text.

2. THE FORMALISM

In this paper we will be dealing with systems of PDEs that are Euler—
Lagrange equations of relativistic actions. They will be linear in highest
derivatives (quasilinear) and their coefficients will not depend on the coordi-
nates explicitly. So they can be reduced to a set of differential equations of
first derivative order. Hence for U an N-vector of fields, s an N X N matrix,
and % an N-vector (both arbitrary smooth functions of U), the equations of
interest can always be written in the form

si#(U)(8,U) + BU) = 0 (2.1)

The theory of such equations in arbitrary dimensions is quite difficult,
but we will be mainly interested in the evolution of the spatial boundary of
awave propagating into some given vacuum. So, with U some smooth (say
at least CY) solution, at some initial time we have some spatial region outside
of which the “state” is the “vacuum solution” U, and across the boundary
surface the full solution U is continuous, but its first derivative may not be.
We want to consider the evolution of such initia “wavefronts.”

We will follow the formalism developed for this situation in refs. 2 and
3 and the references therein. Let the hypersurface S specified by
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e(x) =0 (22)

denote the surface of evol ution_)of the initial wavefront; i.e., the initia wave-
front is the spatial surface ¢(0,x) = 0. Assume that the field U is continuous
across S, so only the normal derivative can be discontinuous. Choosing a
local coordinate system denoted by x* = (g, ), the “first-order discontinuity”
in a given quantity f can be defined as

d.f = [%] (2.3
where
[X] = Xg=0t = X|g=0- = 80X 24
Then it is easy to check that
8p(0,U) = [9,U] = (9,¢) 3,U (2.5)

Here we are considering the possibility that .U is discontinuous. Taking
“first-order discontinuity” is then like differentiation,

8. F(U) = (Vuf)3,U (2.6)

The generalization to quasilinear systems of higher order, say g, in derivatives
is straightforward now. Define

o'f
and consider the case that
dU # 0, 3,U =0, 0=r<q (2.8)

Notice that “taking the discontinuity” depends on the order of derivative.
For example, if f has a second-order discontinuity, i.e., 3,f # 0, then §,f =
0, but 3,(9, f) # 0. Hence in general one has

8r a;.h = (au(P)Swl (29)

3. ANALYSIS OF THE CHARACTERISTICS
Taking the discontinuity of (2.1), we find that, on S
(A*¢,) 8,U =0 (3.1)

where of* = «*(U). [Here ¢, = d,,¢; henceforth, we will drop the subscript
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1 on & and use 83U to mean the first-order discontinuity in U, i.e., 8;U.] Since
dU # 0, we see that S must be a characteristic surface, i.e.,

det(sd*g,) = 0 (3.2)

must hold on S. Thus 3U is in the kernel of si*¢,, for a given choice of root
in (3.2).

We can assume that (2.1) can always be rewritten such that <{° is the
identity matrix and also that we have a flat metric on spacetime. We next
define the unit normal to S

A (3.3)
Ve
and the “characteristic eigenvalue”
do®
A= ——=— (34)
Vel

So for a given choice of rogt, 83U is always a linear combination of the
right eigenvectors of «d,, = A - o for the corresponding eigenvalue \. In the

hyperbolic case, the set of eigenvalues \® (I = 1, ..., N) are distinct, and
the corresponding right (Ieft) eigenvectors R' (L') are real and form alinearly
independent set.

For general #{* (4° not necessarily equal to the identity matrix), \ are
just the roots of the characteristic equation (3.2) and we have

_LI&QO}\(I) + L|&qn =0= -qunRJ - )\(J)&QOR‘] (35)
- LI&QO)\(l) RJ + LpﬂnR‘] =0= L|.ﬂnR‘] - L|)\(J)&g«OR\] (36)

Then for the hyperbolic case, L, #4°R; = 0 (I # J), and one can always choose
to normalize such that

L|ﬂOR‘] = 8|J (37)

The characteristic equation (3.2) is homogeneous of order N in p, =
¢,.. By analogy, we can write it as

Hx,p) =0 (3.8
where we may introduce the explicit coefficients

H(x, p) = GH-#Np,, -+ Puy (3.9)
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Then, by homogeneity of H,
oH

% e, NH =0 (3.10)
which can be written as
p-VH=0 (3.12)
ﬂhereﬁ is the D-dimensional vector with components (po, . . . , Pp-1)) ad
VH is the yector with components (0H/dpy, . .. , 0H/Ipp-1)).

Since p is the ngrmal to the hypersurface S, we see that the tangential
vector is paralel to VH, or that the curves

dx*  9H
e o, (3.12)

are tangential on (3.8). Notice that this is a set of curves, one for each
root of the characteristic equation. In analogy to classical mechanics, the
“momenta’ then satisfy

dp,  oH
i (3.13)

on S. This follows from dH/ds = 0 for a tangential deformation and from
the compatibility condition 9, p, — d,p, = 0. We can eliminate s for t =
X%, and then H factors as

H= |:Hl (po — hY) (3.14)

and py can be fixed as one of the roots. Reparametrizing, for a given root pg
= hlo (U, p;), we can span the characteristic surface with the trajectories

obeying
lo d lo
de¢ _ohlo dp, _ ohio (3.15)
ds ap, ds ax*
4. AN EXAMPLE
Consider the following D = 2 example [2]. Take the simple PDE
du+udu=0 (4.1)

Then it easily follows that the characteristic curve is
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dx

i u(x, t) (4.2)
Clearly (4.1) and (4.2) imply du/dt = 0 along the characteristic curve, i.e.,
the characteristic curve is a line with constant u. So the “velocity” dx/dt is
constant and the characteristics are nothing but straight lines. If we denote by
¢ thepoint wherethegivenlineisat initial timet = 0, then by integrating (4.2),

Xt = u(e, O)t + ¢ (4.3

This implicit equation for ¢ = @(x, t) is just the eguation for the given
characteristic curve, parametrized by its initial point. So then one has

u(x, t) = u(e(x, t), 0) (4.9)

for the solution to (4.1), in terms of the initial valueof uatt = 0.

For alinear PDE, the coefficient of 9,uin (4.1) isaconstant independent
of u and the characteristic curves are paralle straight lines. In the general
case, when the coefficient of d,u in (4.1) isan arbitrary, say smooth, function
of u, the slope of a given characteristic curve depends on the initial value
of u at the starting point. Thus, as time evolves, the characteristic curves can
intersect and a shock may develop. It seems that this can be prevented only
if the “velocity” dx/dt can be made independent of the coordinate normal to
the characteristic.

5. EXCEPTIONALITY

Even though we have neither found a proof in the literature nor been
able to prove it rigoroudly, this “method of characteristics’ seems to extend
to first-order PDEs in higher dimensions. Although there does not seem to
be such a construction for the matrix system (2.1), we want to carry on our
discussion and see what can be done.

Motivated by this 2-dimensional example, let us look for situations
where the characteristic surfaces do not cross as they evolve, hence shock
waves do not develop. Following the reasoning given above, we can demand
that (locally) the characteristic eigenvalue, which after all is analogous to
the “velocity” in the given example, is independent of ¢ in the evolution,
or that

A=yl (5.1)
¢ e

Now let us look at the homogeneous case in (2.1) (i.e., 8 = 0). Then
taking a particular root p, = h('0 of the characteristic equation (3.14) defines
afamily of surfaces (remember p, = 9,¢(%)
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¢19 (0, X) = const (5.2)
Assume that U is just a function of ¢. Then (2.1) implies (by B = 0) that

du
(‘SZQM(PM) % =0 (53)
and hence
& = RO (54)
[0}

where RY is the corresponding right eigenvector for the given root. Since U
and RY are N-vectors, we end up with N ordinary differential equations. We
can always assume that RY has a nonzero component, and that a particular
component Uy can aways be chosen such that it is equal to ¢. Since the
eigenvector RY is known as a function of U and ¢, the ratios of the other
components determine Uy = Ux(Uk) (A # K). The particular component Uy
itself can be determined from the characteristic equation. Now a solution for
U obtained in this way is called a simple wave [2].

This brings us to the so-called exceptionality condition [2]. Let us first
define what is meant by that:

The wave corresponding to a given characteristic root is called excep-
tional if it is such that

(Vo) - R=0 (5.5)

Moreover, when all the N wave modes are exceptional, the system is
said to be CE [2].

So for simple wave solutions of the homogeneous case just discussed,
the exceptionality condition is just the statement that Vi \ is orthogonal to
the corresponding right eigenvector. In light of (5.1) and the discussion that
led to it, the exceptionality condition does after all seem to “justify” a
generalization of the (naive) idea we developed to prevent the devel opment
of shocks using the D = 2 example (at least for the case of simple waves).

Another way of looking at the problem may be provided by thefollowing:

From (3.1), it follows that 8U can be expressed as a linear combination
of right eigenvectors as

SU = 'R (5.6)

for some components ' (I = 1, ..., N) (also caled the coefficients of
discontinuity). In general, one would expect these coefficients to evolve
according to a nonlinear differential equation. In Appendix A, it is shown
how the CE condition can also be viewed asthe statement that the coefficients
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of discontinuity evolve according to alinear ODE, and thus the characteristic
curves are prevented from intersecting locally.

We now briefly mention another alternative approach developed in ref.
3 for a*“covariant formulation” of exceptionality. Let us choose a particular
root p, = h@(U, p) for some J in (3.14). We also have by (3.4) that p is
proportional to . If we now take the field gradient V, of the “Hamiltonian”
H in (3.14) and set p, = h"Y afterward, we see that only the term which is
proportional to Vyp, ~ VyA does not vanish in the resultant expression. For
a simple wave, then, contracting this with 8U and using (2.6), we get

Vo - 8U = 8\ (5.7)

for this particular root.

Hence, inlight of (5.1) and (5.5), onearrivesat the* equivalent” condition
for exceptionality:

Thewave corresponding to agiven root isexceptional if onthe character-
istic surface H = 0, one has

=0 (5.8)
Again for CE, this must hold for al roots, or that
d3H =0 (5.9

In the following, we apply the above-mentioned (two seemingly differ-
ent) CE requirementsin avariety of physical cases. In the process we supply
the missing details leading to the results reported in ref. 1. We want to make
it clear that (5.5) was originally developed for systemsin D = 2 only [2].
Here, however, we apply (5.5) and (5.9) to systems in higher dimensions.
Although we are not aware of a rigorous construction that generalizes the
results explained so far to PDEsin higher D, it is plausible that such ageneral
proof can be given.

After all, notice that the characteristic equation and the condition for
CE are algebraic equations which must hold pointwise in any x*. At a fixed
point on the characteristic surface at a fixed time, the normal f is a fixed
vector and proceeding for arbitrary fi, and U, is the same as imposing the
conditions pointwise. Furthermore, the original system is rotationally invari-
ant, where rotations act on U as some linear matrix representation. So, the
CE conditions are rotation invariant, and having chosen fi (i.e., working at
a fixed point and time), we can just rotate it to, say, the first coordinate
direction x* and proceed to study the eigensystem |s4* — \I| = 0, provided
the system can be brought into aform such that s{° equals the identity matrix.
Of course U changes in rotating, but the eigensystem is worked out for
arbitrary U.
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6. SCALAR FIELD

We now want to study in detail the CE requirement for a scalar field
in D = 4. We first work out the problem using the requirement (5.5), then
show that one finds the same answer (with considerably less effort) using
condition (5.9), as was in fact done earlier in ref. 3.

6.1. The First Way

Given the covariant action | = [ d* L(2), where z = $(9,,0)? is the
only invariant (in first derivatives), n = (—, +, +, +), the field equations
can be written as

9,((0*0)L") = (9,0"0)(9,0)(0*)L" + (9,0*)L' =0 (6.1)

Here prime denotes differentiation with respect to z
By defining A = dqo, B = 9,0, C = 9,0, and D = 950 [hence z =
(—A? + B? + C? + D?)], we can take U = (A, B, C, D) and write this
system in canonical form as
oy i 0U

|l —+M'—=0
ot ox

where each M ' has elements (withi = 1,2, 3; . =0, 1, 2, 3)

_ —2ABL" B2l L _ BCL" _ BDL"
mrlJO - ® ’ rr%l - 0 ’ rr%Z - 0 ’ rr%3 - 0
rn%p. = rnll‘)p. = 01 rn%p. = _80;1.
—2ACL" CaoL"+ L’ CDL”
Moo= 2K mh=mh, M= CtorE | mg= o
rn%u = n%u = 01 nﬁu = _BOM
—2ADL’ DL + L
Mo = 0 ) Mgy = Mg, Mg, = Mg, Mgs = e

rn%p. = n'gp. = 01 rrép. = _80;1.
and ® = A2L” — L'. Here we have also used the compatibility conditions
0B 0A aC _ 9A oD _ 0A

ot @t 9l

So, by the reasoning given at the end of the last section, we proceed to
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impose the CE condition (5.5) using the eigensystem [M* — \l| = 0. The
characteristic polynomial of M* turns out to be N2(A> + a,A + a,) = O,
where a; = 2ABL"/0® and a, = (B?L” + L')/0. Apart from the eigenvalue
a N = 0 (with multiplicity 2), there are two distinct eigenvalues A3, A4 in
the general case.®> The eigenvectors corresponding to each can be taken as

:
—BCL"
LU L)

T
_ (o =BDL"_ — (- T

eZ - (Ol BZL,, ¥ L, ’ 0; 1) ’ e4 ( )\4! 1; Ol 0)
which clearly form a full linearly independent set, hence our system is
hyperbolic. We next apply the CE condition (5.5) to this eigensystem. Obvi-
oudly, it will be trivially satisfied for A = 0. For the remaining nontrivial
eigenvalues, note that by differentiating A2 + a;\ + a,, = 0, we can write

0N Noay/9dUs + 9a,/9Us
aUq 2\ +

and the CE condition =5 (d\,/0Ug) €, = 0 becomes

Joa Ja Joa Ja
298 b 0y _ J0% _ _
A )\(—a _BB) B 0 for N = N\g N4

by using the explicit form of the eigenvectors. However, we know that A3,
N4 satisfy A, + a;\ + a, = 0. Hence these two equations must be linearly
dependent, which implies that
aal 83.1 68.2 33—1 a
+ = - —== + —=
aoat s a0 2on T B 0

have to be satisfied simultaneously.

Substituting the explicit forms of a;, and a,, we find after some calcula-
tion that

g 020 0a 93 L'L" - 3(L)
YoA T B A 03

-0 (6.2)

[A(3B? + AL’ + A¥B? — AIL']

“4In fact, we showed separately that taking arbitrary A does not alter the fina results obtained
in this section.

SFor the degenerate case L' [L' — (A? — B?)L"] = 0, A3 = N\, = —A/B, but then there is no
nontrivial covariant action which can satisfy this. Moreover in this case, the system is no
longer hyperbolic.
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m2
2, 0% 9% 3L

aA | 9B 0°
-0 (6.3)

The only nontrivial covariant condition we can impose such that these
two constraints are satisfied simultaneoudly is

L'L" = 3(L"Y2 = 0 (6.4)

[B(3A2 + BYL' + BA%(B? — AJ)L]

6.2. The Second Way

In this part, we want to impose (5.9) using the formalism developed
starting in Section 2. We now look for asurface Sacross which the discontinu-
ity in o is second order. Thus with 8,0 = Q, we have (o, = 9,0, ¢, = 9,9)

50, = ¢,Q
Taking the discontinuity of (6.1) gives
¢ (BL)o* + (8o*)L") = 0 (6.5)
which, with 8z = o*(30,) = o*¢,Q and 8L" = L" 8z, becomes
QL + (a¥9,)2L") = 0 (6.6)

where 9 = ¢*¢,,. Comparing this to the previous discussion, we have H(x, p)
= G*p,p, = Owith (p, = ¢,, Q # 0)

G = "L + gto’l” (6.7)
Imposing (5.9) (taking the discontinuity) gives
QBYL" + (@@ )L")(0%,) = O (6.8)
and using 9L’ + (0v¢,)’L” = 0in (6.8) yields
QY (— LL—I;IH + 3L”> (0¥¢,) =0 (6.9)

This again leaves us with the condition (6.4).

Notice that throughout, we have never used the fact that D = 4. This
suggests that (6.4) is a D-invariant (D = 2) condition. For general D, using
the requirement (5.5), one ends up with M, which individually have A\ = 0
(with multiplicities D — 2) and the remaining two nontrivial eigenvalues
[corresponding to the pair of canonical variables (o, ) for the only degree
of freedom of the theory] with their corresponding eigenvectors yield (6.4)
when inserted into (5.5).
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To find the solutions of (6.4), we first note that by defining X = L', we
can write it as X4 (X'/X3)" = 0, which will be satisfied nontrivially provided
X' = 0or (X'/X3)’" = 0. Integrating these simple equations, we find X =
C, L = ¢z + ¢ or (UX?))' = —2¢c5 UX, = —2cZ + ¢, L =
*(Vcy) V—2cz+ ¢4 + csforcy (g = 1,..., 5) arbitrary integration con-
stants. Choosing these constants suitably, we note the particularly interesting
cases as

L=-z=—%(9,0)?
and
L=1- J1+2z2=1- J1+ (9,0)?> = 1— /—det[n,, + (0,0)(3,0)]

which are the scalar analogs to Maxwell and Born—Infeld electrodynamics,
respectively.

7. NONLINEAR ELECTRODYNAMICSIND =4

We now come to our most physically important example, the D = 4
Abelian gauge vector theories. Any gauge-invariant action, depending on
Fo = 9, A, — 9, A, but not its derivatives, has the form

1

S F, P
2 )

(8

I[A] = J d*x L(a,B), o=
(7.2

BE}F *Fuv, *Fqu%euva’rFGT

4

Here subscripts on L mean differentiation with respect to the (only possible)
invariants « or B and with our conventions € = +1, 7, = (-, +, +,
+),a = B? - E2 B = —-B-EwithE' =F% and B' = £€*Fy,.

Wefirst drop the 8 dependence of L, show in detail how the CE condition
(5.9) is applied to L(«), then reinclude B and carry out the CE condition
(5.9) for full L(«, B). [Again we originaly studied this problem using the
reguirement (5.5), which is quite laborious and tedious. We show in Appendix
B the general outline of how (5.5) is carried out for L(«). We do not show
how (5.5) is applied to the most general case, L(«, B), athough in this case
we were ableto prove at least the sufficiency of (7.14) and (7.15) using (5.5).]

We look for a hypersurface S across which the discontinuity in A, is
second order. Hence, with §,A, = m, we have

SEwW = oM — Ut d *Fw = €M T, (72)

and
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da = 2F*e,m,, dp = *Fre,m, (7.3)

7.1. L(e) Case

For L = L(w) only, the field equation is simply d,(F*’L") = 0 with the
Bianchi identity 9, * F** = 0. (Here, prime denotes differentiation with respect
to a.)

Taking the discontinuity of the field equation, we find

—2U*FL" + (@,m)e*L — 9wl = 0 (7.9

where we have used U+ = Fh,, § = ¢*¢,, and F = F*¢,m, = U’m,.
(Taking the discontinuity of the Bianchi identity, one can see that it fol-
lows automatically.)

Now contracting (7.4) by —U,, (and assuming & # O for the general
case), we find

H=2u"+%L =0 (7.5)

where we have defined u = U*U,,. Now du = 2U*8U,, = 29%F and da =
2%. Hence imposing (5.9) gives

dH=F(A4u" +64L") =0 (7.6)
and substituting for u using (7.5), we end up with
OH = 2%9(3L” - t— L”’) =0 (7.7)

Hencewe again find (6.4) in anew disguise, whose solutions we can immedi-
ately copy as L(a) = k + (d + ca)¥? (for arbitrary constants k, d, c) apart
from Maxwell, L = — 1a (or L’ = const).

We remark that in D = 3, where « is the only invariant, thisis also the
CE result, whereoneaso has /1 + a = /—det[n,, + F,]. InD = 2there
is of course no propagation for any L(«) and correspondingly no restrictions
are imposed.

7.2. L(a,B) Case

We now want to study the full Lagrangian L(«, B). For this case, the
field equation is 9,(LF* + +Lg *F*) = 0. Taking the discontinuity, we find

Frre,(Bl,) + @, (3F*)L, + 3*F*3,(3Lg) = 0 (7.8)
Using (7.2) and (7.3), this becomes
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_UM(ZgLaa + XchB) + ('Pv((-PMTrV - ('PVTFM)LOL
- %VM(Z@LQB + XLBB) =0 (79)

where we have used V* = *F\, and x = *Fo,m, = Vm,.
Now contracting (7.9) by —U,, and then by —V,,, we get, respectively,

@(ZULMX + ('gl_q + B(gLOLB) + X(ULOLB + %B(gLBB) =0 (710)
F(2BGL e + Lap(U — 09)) + X(BYLap + Lo +2Lgg(u— 69)) = 0 (7.11)

where we have made use of theidentitiesU "V, = B9 and V*V, = u — o%.

For this system to have nontrivial & and x, the determinant of the 2 X
2 matrix that comes from writing (7.10) and (7.11) as (¥x)M = 0 must
vanish. Hence we have (K = Ly,Lgg — L3p)

H =K + UG[2Lo(Loo + LLgg) — aK]
+ GlLo(Ly + 2BLog — 2algs) — BK] = 0 (7.12)

Notice that for the discriminant, one gets

%2 = % [—Lo(4loe — Lgp) + 2aK]? + A Lol + BK]? (7.13)
For the case A = 0, i.e., when

—Lo(Aloe — Lgg) + 2afLoolps — L3g] =0 (7.14)

—LoLlap + Bllaalps — Lﬁﬁ] =0 (7.15)

H takes the form H = K(u — h)? = 0 and for K # 0, it follows that (5.9)
is satisfied automatically. Hence any L that fulfills (7.14) and (7.15) is CE.

The differential constraints (7.14) and (7.15) were actually found along
time ago in different contexts [3-5]. Bialynicki-Birula [5] discovered these
equations by studying the propagation of weak electromagnetic waves on a
strong, constant field background. He showed that they were necessary for
both polarizations of light to propagate according to the same dispersion law;
he calls these the “no-birefringence’ conditions. Plebanski [4] studied the
theory of small perturbations and their discontinuities in nonlinear electrody-
namics, and, considering all possible casesfor theform of the background field
(e.g., null, algebraically general) and constraining the system with physical
conditions such as causality along the way, proved the necessity and suffi-
ciency of these differential constraints for the excitations of light to propagate
according to a single characteristic equation, with coinciding characteristic
surfaces. Boaillat [3] found these conditions using equation (5.9) explained
in this paper, and demanding that it be expressible as a complete square as
explained in (7.12)—(7.15).
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The work of Plebanski involves an extensive study of characteristic
surfaces, which iswhat the CE formulationisall about, in nonlinear el ectrody-
namics, so it is not surprising that he finds (7.14) and (7.15) as the conditions
to have coinciding characteristic surfaces; after al, that is also what Boillat
getsusing the CE viewpoint. Bialynicki-Birulaeffectively allowsthe disconti-
nuities in terms of weak disturbances about a generic background. It is not
surprising to see that having the same dispersion law for both polarizations
implies having a single characteristic surface for the evolution of discontinu-
ities. Apart from these historical details, wewill call the two conditions (7.14)
and (7.15) the “strong CE” conditions from now on because of this extra
physical constraint that they impose on the system.

The solutions of (7.14) and (7.15) are important to define physically
acceptable models of electrodynamics. It is clear that the Maxwell action,
lwax = —3 J d* «, isindeed a solution, and it was realized in refs. 3-5 that
another is the (once again popular) Born—Infeld action [6],

0= | d( - V"R TR = [dxA- VITa P (79

However, these are not the only solutions unless one further requires that
they reduce to Iy, for weak fields. Otherwise there are additional solutions
such as L = a/gb. [As shown in ref. 1, without requiring the weak-field
condition, imposing strong CE with duality invariance (a property shared by
both of these theories) singles out Maxwell and Born—Infeld.]

Now we continue with the general case K # 0, A # 0. For convenience,
we define

P=2L,(L.o —i—%LBB) —akK, R=L,(oL, + 2BL.g —%aLBB) - B%K
p=2L., =L, + Blag, =L, s=1BLg
and rewrite H as
H=uX+ugP + 9¥R=0 (7.17)
Now imposing (5.9), we find
8H = u?(2FK, + xKg) + u4(4FK + 2FP, + xPp)
+ G*(2FP + 2FR, + xRs) = 0 (7.18)

where we have used du = 26%F, da = 2%, and 3 = ¥.

Now using > = — (9/K)(uP + %R) [from (7.17)] and x = —(pu +
9Gg/ru + %s) [from (7.10)], wefind that (7.18) issimplified into aform 8H =
u4l; + 9%, = 0. SinceK # 0 and A # 0, thisimplies that ¢; and {, must
vanish simultaneously. [This can also be seen as the requirement that (7.17)
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and (7.18) be linearly independent.] Finaly, one finds that the CE require-
ments [corresponding to (5.9)] are

2K, (rP? — sPK — rRK) + Kg(qPK — pP? + pRK)) + 2P,(sK 2 — rPK)

+ KPs(pP — gK) + 2R, (rK?) — Ry(pK?) — 2rPK2 + 4sK3=0 (7.19)
2K, (rPK — SRK) + K 3(qRK — pRP) — 2P,(rRK) + PB(pKR)

+ 2R(SK?) — Rg(0K?) — 4rRK2 + 2sPK2 =0 (7.20)

In Appendix C, we give these equations in terms of L and its derivatives
only. Notice that these equations are quasilinear (linear in the third-order
derivativesof L) just like (6.4). Being of third order, they are of course weaker
than (7.14) and (7.15). Born—Infeld, of course, satisfies these equations, but
we have been able to solve them neither in the general case nor for the more
restricted situation when one also demands duality invariance. For the latter,
one would expect to get two (or, with a bit of luck, only one) ordinary
differential equations involving only o-derivatives when one substitutes for
B-derivatives by using the duality invariance constraint [7] and its («, B)
derivatives recursively.

An application of CE, rather than strong CE, comesfrom theoriesinvolv-
ing the (neutral) scalar plusthe Abelian vector field, where possible invariants
ae (o, B, z[=2(0,0)7, y = £(F,.,0")?). For a Lagrangian L(e, B, 2), the
CE conditions further require L, = 0 = L, which reduce it to the noninter-
acting L(a, B) + L(2 form. Having the “fully Born-Infeld” form
J— det[n,, + F,, + o, ,] inmind, one can consider L(, B, ¥, 2). It turns
out, however, that there are no CE actions with nontrivial dependence on the
other possible variable y = £(F,,0%)% Thus, CE alone separates the two
systems and imposes the previously stated constraints on their forms.

8. GRAVITATIONAL MODELS

Finally, we turn to gravitation. For Einstein’s gravity in vacuum, as well
as the linearized theory, the gravitational waves are CE, the characteristic
surfaces describing discontinuities being null (see, e.g., ref. 8). It can be
shown that this result holds for any D > 4. (For D = 3, there is of course
no propagation and no restrictions are imposed.) One can further look at pure
gravitational actions of the form [ d*x (pRZ, — qR9)./—g in D = 4 and
J d° f(R)./—g in D > 3 and show that the same conclusion remains
unchanged.

To reduce these theories to a first-order system would be inconvenient,
but is fortunately made unnecessary by a simple extension of the previous
discussion. Clearly, if we rebuilt the original higher order equations from the
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set (2.1), we would simply have the situation that all the derivatives of the
field are assumed continuous except the highest one.

We first sketch the Einstein case to establish notation. Considering a
second-order discontinuity in the metric across some characteristic surface
¢ = O, 82gpw = Ty we have (‘P;.L = apu‘P)

8. = (eum + @um) — @Mmy)
9o Rw = ¢@\(81 F)\va) - @v(alpm)
= 3P + e, — @ — er@MT,)
and
R = g"(BoR ) = ¢*e"m,, — ot
which implies
800Gy = So(Ry — %QWR) = 8R,, — %QWSOR =0
3Gy = 3leuer™y + euor™, — U™\ — PPy,
~ Ou(¢7¢™ o — @o¢7m™)] = 0 (8.1)
In the harmonic gauge g** I'y,, = 0, one finds that its first discontinu-
ity implies
2mig, — m,¢" = 0 (82)
Multiplying this by g,.¢. + 0,.¢,, ONe gets
e, + e, — @,y = 0 (83
whereas contracting by ¢,, one finds
PreVm,, = St (8.4)
Using (8.3) and (8.4) in (8.1), one ends up with
3Gy = (@@ + 20,0 1%;) = 0
Hence taking the trace,

D + 2

SOGK = 4

o' = 0

The discontinuity in g,, is arbitrary, hence w’, # 0, which implies that
@@ = 0. Thissaysthat the characteristic surfaces are null: the discontinuities
travel with the speed of light in all directions. The same holdsfor thelinearized
version of the theory as well, of course.
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For generic quadratic Lagrangians (pR,,R* — qR?)/—ginD = 4,
using similar steps [writing the field equations, choosing harmonic gauge as
before, and utilizing the identities (8.3), (8.4)], one finds that (Q = ¢’¢,,
™= 1))

Taking the trace, one gets Q%w(p — 3q) = 0. (The choice p = 3q corresponds
to Weyl-tensor squared; the scalar degree of freedom is absent.) For p = 3q,
(8.5) becomes

qQ(%"P;.L"PvF‘T - %Qﬂuv + %gquw) =0

Since m,, is arbitrary, we see that again Q = 0, as in the Einstein case, so
Q = 0 characterizes both Einstein and the quadratic action.

Finally, we consider the class of actions [ d®x f(R)/—ginD = 4,
whose field equations are

E.=R.f —%0.f+ (0.V.V" -V, V)" =0

Hence the order of highest derivatives is four. Following similar steps by
taking 8,9,, = m,,, we find the same expressions for 8;[™*,, and §,R,, as
for 8,I™,, and 8, R,, in the Einstein case. Using these, we get

%0 Eu = (Q0u — ¢0,¢.)(¢"¢™me, — Qm) " =0
Going to harmonic gauge with identity (8.4) and taking the trace, one gets

SoE*, = 1_2DQ27rf” =0

Here, too, Q = 0 isthe only solution, and so for awide class of gravitational
actionsthe propagation obeysthe Einstein behavior aswell. Asiswell known,
these systems are variants of Brans—Dicke scalar-tensor theories, so their
“good propagation” is not surprising.
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APPENDIX A

In this appendix, we show how the CE requirement (5.5) causes the
coefficients of discontinuity to evolve according to a linear ODE.

Consider the wavefront at the boundary of aregion with smooth enough
solution U. The following derivation fills a gap in ref. 3 and generalizes ref.
9, where the evolution of discontinuitiesin first derivatives of the dependent
variables is studied. Choose a root of the characteristic equation, p, =
h'o(U, p). Differentiating (2.1) with respect to ¢, and contracting with the

corresponding left eigenvector, we have (A, B,C =1,..., N)
(aLpUC)LIA(VUC‘SﬂKB)(apLUB) + Lk‘gﬂkB(aq: apLUB)
+ (0 .Uc)La(VucBa) = 0 (A.2)

Now we can take the discontinuity of this equation. We have higher derivative
terms, but notice for the term in the middle that (¢, = 9,.¢)

akp apLUB = ‘P}L(a%UB) + (acp (Pph)(achB) + (aqui)(awiawUB)
+ (3¢ 0,0")(0yUg) (A2

The first term on the right-hand side of (A.2) vanishes when contracted with
A+ against the left eigenvector. Thus, there is just one ¢ derivative (i.e., no
2 pieces), and the discontinuity can be taken as before. We first compute
the following to use for the first term in (A.1):

[(9,Uc)(9,.Ug)] = (3Uc) ¢, (8Ug) + (8Uc)(0,Ug)

+ (0,Uc) ¢,.(8Ug) (A3)

Now using (5.6) and (A.3) and taking the discontinuity of (A.1), we find

Lixst&a(0,0") (3, 8Ug) + mhm?

+ ¢, (BU)LA(Vucthe)(3Us) = 0 (A4)
[Here the first term comes from the third term in (A.2), the last term comes
from the first term in (A.3), and we have collected as “m" the coefficients
of terms linear in  without derivatives. “m)” are determined by the back-
ground solution aswell asthe extrinsic geometry of the characteristic surface.]

Let us examine the other termsin (A.4).
Thefirst termin (A.4) is (up to aredefinition of the coefficient matrix m)

(LasteRe)(0,)(0ym5) = (LastheRe)(0,.m)) (A5

By taking the p; derivative (i.e., applying d,,) of the straightforward equation
Lhsd#sRep, = 0 and using (3.7), one finds
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LhstingRY = g O (A.6)
A+ AB ap| .

Hence using the equations for the trgjectories (3.15), the first term in (A.4)
reduces to dw/ds, where

d o dX 9

ds ot dsox

For the last term in (A.4), we have (by making use of LhsiksR&p, =

0)
@, (BUc)LA(VucAike)(8Up) = —(8Uc)LhsAks(3Us)(Vucs,)

Notice that the last factor has U dependence via the characteristic root p.
Hence using (3.4) and (3.7) [with (5.6)],

@, (BU)LA(Vucstie)Ug) = (3Uc)d"m [V g/ (Vuch)
= [Veo|m'mRA(Vu) (A7)

Finally, then, we have a nonlinear equation for the evolution of the
coefficients of discontinuity along rays,

| -
ddls + mhm? + [Vo|r'm RE(VyA) = 0 (A.8)

This is computable because all “U’s’ above are actually “U’s.”
Thus, we recognizethat CE condition can a so be viewed asthe statement
that the coefficients of discontinuity evolve according to a linear ODE.

APPENDIX B

In this appendix, we show the genera outline of how (5.5) is carried
out for models of electrodynamicsthat depend only on the Maxwell invariant,
i.e, L = L(a).

By taking U = (E, B) and looking only at the spatial components of
the field equation 4,(F*’L") = 0 and the Bianchi identity o,*F* = 0 (i.e,,
setting w = i), we can write this system in the form H* 9U/ox* = 0, where
H* are 6 X 6 matrices. For this new system [as in the scalar field case when
we had 2(= 4 — 2 - 1) nontrivia eigenvalues corresponding to the pair of
canonical variables for the only degree of freedom of the theory] we expect



Shock-Free Wave Propagation in Gauge Theories 179

to get A = 0 eigenvaue with multiplicity 2 (= 6 — 2 - 2) for each individual
H' because of the two degrees of freedom.

Just as was done in the scalar field case, we only take H? to start with.
Hence we have H® gU/ot + H! gU/ax* = 0, where

(P Q (s R
HO_(O |> and Hl_(o’ o)

which have elements (with i, j = 1, 2, 3)
p; = 2E EL" — §;L'
g = —2EBL"
Sj = 2ekE BL”
My = —end 2B Bl + & L")
i) = €k

and | isthe 3 X 3 identity matrix.

Multiplying by
-1 —_p1

(HO) 1 — (Po PI Q)

we bring this system into the canonical form | aU/ot + W oU/oxt = 0, where

W = (HO)H! = (P—l(sa— Qo) P-01R>

Then the characteristic polynomial of W turnsout to be, just as predicted,
of the form N2(A\* + ¢\ + cA\? + ¢\ + c;) = 0. The eigenvectors
corresponding to each \g can be taken to be

-

where

1
)\1 =0: Q = 0, b]_ =1y
Y3

- - 1 r bl I‘21
with [Y2] = 33 23
Y3 Foofzg — Fogfap \ = Ta2 T2 ) I3



180 McCarthy and Sarioglu

1 0
Ao = 0: d = 0 ) bz =1\ 2
0 Z3

. — r —r
with 5 _ 1 3 23\[S21
Z3 Fool33 — Fogfzp \ 7la2 T2 J\S3

andfor A\ # 0(s = 3,4, 5, 6)

0
as = (P22 — AsY23) )
)\5(023 + )\s(_)\s + 722))
1 0
bs = = cas = | —(p2s T A(—As + v22))

As (P22 — AsY23)

where >\ij = [Pfl(S — Q()')]ij and Pij = [P71 R]”
Clearly these eilgenvectorsform alinearly independent set. By differenti-
ating A + c\2 + co\2 + ¢\ + ¢y = 0, we get

Ny ()2 U + (\)? 9C,/aUs + N, 8C/dUs + acy/aUs

U 4(Np)® + 3cy(Np)? + 26\, + €

Substituting this into the CE condition (5.5) =5 (dN,/0Uge,s = O gives a
polynomial of order 6 in \, but by using A* + cA\® + A% + CA + ¢ =
0 repeatedly, one can reducethisto apolynomial of order 3, whose coefficients
must be set equal to zero simultaneously.

Doing so, we find that the only nontrivial covariant condition we can
impose such that these coefficients vanish simultaneously is

L'L” — 3(L")2 =0 (B.1)

APPENDIX C
Here, for completeness, we present (7.19) and (7.20) in terms of L and
its derivatives only. They become (K = L,qLgs — L)
3L Lapp(La(16L3,Log + 8Lyl + L3gLgp)
- K[8(XL§QL&B + B(SLMXLELS + 4L(2¥0LLBB + Lg‘BLBB)])
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+ %LaLma(LaLuBﬂGLmLiB + 8LZgLgp + L3g)

- K[8OLL§B + BLBB(]'ZLE‘B + L%B)])

— 3L Laplaap(Lalap(16L3, + 4L25 + 4L, Lgg + L3p)

— K[8aLyolapg + B(4L2s + 8Loolpp + L3p)])

- %LQLBBB(LQ(16L§L[X + 12L§LuL§B + LﬁB - 4L§OLLBB)

— K[8aLy + BLop(12L5, + Lip)])

— %(4L(m + LBB)KZ[LO‘LQB - BK] =0 (D.))

and

_%LOLLOLOLB((4LOLOL + LBB)(ZLELLgB - OtLOLL(ZxBLBB)
+ BLOLLOLB(J'GLOLOLL(ZXB + 6L§BLBB - 2L0¢0LL[23[3)
— BK[—aL.pldp + 2B(4L,oL3p + 2L2pLpp + LoolBp)])
- BKL&B[_OLLOLBLBB + 28(4'.%0‘ + L(%B + ZLQaLBB)]
+ ZBLOL(8L§LOLL(2!B + 2L§B + LOLOLLBBLCZXB - LELOLL%B))
+ %LOLLOLOLDL((4L§(B + L%B)(ZL?XLQB - aLO(LOLBLBB)
+ BL(X(16L§B + 6L<ZXBL[238 — ZLWL%B)
- BK(8BL2B + GBL‘)‘BL%B - OLL%B))
- %LQLBBB(ZL(%LMMLEM + 2L§B — Loolgp)
+ ZBLOLLOLOLLBB(8L(2)L0L + 5L§B - 3L0‘0‘LBB)
- BK(8BL§L[X + 6BLOLOLL§LB - OLL(?LB) - OlLa(Liﬁ + 4L20¢LBB))
- %K2(4La + 4L, — algg)(Lileg — BK) =0 (D.2)
respectively.
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